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A B S T R A C T

We present a general-purpose numerical quantum mechanical solver using Schrödinger-Poisson equations called
Aestimo 1D. The solver provides self-consistent solutions to the Schrödinger and Poisson equations for a given
semiconductor heterostructure built with materials including elementary, binary, ternary, and quaternary
semiconductors and their doped structures. The software can be used to calculate electronic band structures of
heterostructures either using a single-band or multi-band k.p envelope function approximation. The software is
fully open-source and it is released under the GNU general public license version 3 for full freedom of usage for
applications in the fields of nano-electronics, optoelectronics, and solid-state device simulations.

1. Introduction

High-demand for technological devices including sensors, LEDs,
Lasers, and CMOS has led to pressure for miniaturization [1–4] and this
has led many semiconductor devices to be made up of different mate-
rials that have dimensions less than 10 nm [5,6] or having layers with
quantum-confined carrier gases on the nanometer scale [7,8]. At the
nanometer scale, the electronic band structure of quantum confined
carrier gases in MOSFETs or HEMTs is highly dependent on parameters
like layer thickness, alloy mole fraction, and doping concentration. To
produce more effective devices, further investigation of these para-
meters’ effects on device properties is necessary. Generally, the required
investigation can be done by computational investigation of a potential
distribution among the semiconductor layers and the determination of
the electronic energy levels of related low-dimensional carrier popu-
lations. With a proper calculation, one can also calculate the possible
intersubband transition energies and related intersubband optical
properties of these semiconductor devices. These calculations can be
done by solving Schrödinger and Poisson equations at least in one-di-
mension (1D) (which is related to the semiconductor thin film growth
direction) self-consistently.

In 2012, Aestimo 1D project is started to develop the first open-
source 1D general-purpose quantum mechanical solver, initially for
educational purposes, a helpful tool for the coursebook [9]. In 2014,
after 10 minor releases, version 1.0 was released. With this release,

Aestimo 1D became a helpful tool for theoretical and experimental
research on nano-scale electronic and optoelectronic devices. After
6 years of additional development, the second major version was re-
leased in 2020. Version 2.0 includes many new calculation methods,
solvers, and improvements to the material database. As a fact, Aestimo
1D is used both in computational-only studies [10] and as a computa-
tional tool to verify experimental studies [11–15] for many years. In
experimental studies of Erucar et al. and Cetinkaya et al., Aestimo 1D is
used to calculate electron and heavy-hole/light hole subband energies
in Molecular Beam Epitaxy (MBE) grown GaAs1-xBix/AlGaAs hetero-
structures [11,12]. In these studies, researches modified the standard
Varshni equation in a way to include an extra linear temperature-de-
pendent term. These kinds of modifications can be possible because of
the open-source nature of the Aestimo 1D. In the experimental studies
reported by Bajo et al. and Meng et al, the values of allowed intersub-
band transition energies of the ZnO/MgxZn1-xO multiple QW structures
grown by MBE on m-plane ZnO substrates are calculated with Aestimo
1D [13–15]. Successful results of all these studies also show Aestimo 1D
can be used in many different applications that having different mate-
rial systems and can be also modified for case-specific calculations and
fit processes.

This paper aims to give basic information about the physical models
employed and the usage of the package to show the reliability of those
physical models. The methodologies for solving the general self-con-
sistent Schrödinger-Poisson equation and other computational schemes
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implemented in Aestimo 1D are presented in Section 2; followed by the
structure of the software being described in Section 3. Some examples
and comparative results with other solvers are then discussed in Section
4.

2. Methods

2.1. Computation schemes

At its core, Aestimo 1D is a Schrödinger-Poisson equation solver for
stacks of planar layers that have nanometer thickness. The coupled
Schrödinger-Poisson equation solution begins by solving a Schrödinger
equation (including non-parabolicity effects as necessary) with a special
kinetic energy operator and spatial effective mass function to accom-
modate possible discontinuities at the interface boundaries [9]:

+ =
z m z z

z V z z E z
2

1
( )

( ) ( ) ( ) ( )
2

(1)

=
z

z
z

V z z( ) ( ) ( )P (2)

where V z( )P is the additional potential term arising from charge
distribution z( ), and z( ) is the permittivity of the material.

Once we solve the Schrödinger equation and obtain the band
structure wavefunctions, we can calculate the charge distribution, since
the absolute value of wavefunctions is related to charge distribution.
However, the resulting charge distribution will modify the potential
V z( ) for which we solved the original Schrödinger equation. A new
value of potential is found by solving the Poisson equation for charge
distribution and adding the calculated V z( )P potential to previous total
potential. Therefore, we ought to solve the Schrödinger equation again,
using the new potential, and find again a new charge distribution. We
have to repeat these steps over and over again until the results of the
latest solution are reasonably close to the results from the previous
solution. This well-known method of solving equations is called a self-
consistent method and shown in Fig. 1.

In addition to the known self-consistent Schrödinger-Poisson equa-
tion solving scheme, Aestimo 1D has many different schemes that can
be used in different applications or problems that need different types
of calculation: the effects of non-parabolicity of the bands or exchange
interaction can be estimated and drift–diffusion calculations can be
performed. The different computation schemes can be easily chosen
from an input file. Table 1 shows the computation schemes im-
plemented in Aestimo 1D.

2.2. Single-band model

Aestimo has a single band model that can be used for modelling
structures where the valence band can be neglected entirely. For

instance, for modelling the conduction band of GaAs-AlGasAs quantum
wells. The model implements the shooting wave procedure for finding
the energy levels and wavefunctions for arbitrary heterostructures [9].
In each layer, the conduction band electrons have an effective mass and
between each layer, an conduction band offset is defined using a da-
tabase of material properties. To improve upon this basic model, cor-
rections are made to account for the non-parabolicity of the conduction
bands and for the exchange interaction between the electrons.

2.2.1. Non-parabolicity of E(k)
The conduction and valence bands of semiconductors are commonly

approximated as parabolic around their extrema. This approximation of
E(k) ignores the complexity of the band structure of real materials. It is
important to account for this effect in particular in case of narrow
quantum wells or higher-lying subbands in wide quantum wells. In
Aestimo 1D, conduction band E(k) approximation is described [16] by
the dispersion relation,
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where γ is the non-parabolicity parameter. For multi-band calcula-
tions, the 3x3 k.p Hamiltonian accounts for non-parabolic effects of
valance band (see Section 2.3).

2.2.2. Exchange interaction
Since electrons are Fermions, two of them cannot occupy the same

state when their spins are the same. The same is true for the holes in the
valence band. At the same time, electrostatic interactions exist between
them. The interaction between these 2 effects can be modeled by adding
additional potential, which is called exchange–correlation potential,
Vxc. There are approximations used for Vxc that are in practice suffi-
ciently accurate. Exchange interaction plays a more significant role in
cases of strong doping (at low temperatures and very low doping levels
it may be ignored). An effective field describing the ex-
change–correlation between the electrons is derived from Kohn-Sham
density functional theory [17]. The equation used in Aestimo 1D is,
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where =A q /4 (3/ )2 1/3, n is the electron density, and rs is the
average distance between charges.

In equation 4, rs is the average distance between charges, and the rs
is calculated as follows:
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Here, aB* is the effective Bohr radius which is given as [17]
Fig. 1. Schematics of self-consistent Schrödinger-Poisson equation solving
scheme.

Table 1
Computational models available in Aestimo 1D.

computation_schemeValue Called Model

0 Schrödinger
1 Schrödinger + nonparabolicity
2 Schrödinger-Poisson
3 Schrödinger-Poisson with nonparabolicity
4 Schrödinger-Exchange interaction
5 Schrödinger-Poisson + Exchange interaction
6 Schrödinger-Poisson + Exchange interaction with

nonparabolicity
7 Schrödinger-Poisson, Poisson-Drift_Diffusion

(Gummel map)
8 Schrödinger-Poisson, Drift_Diffusion (Gummel map)
9 Schrödinger-Poisson, Drift_Diffusion (Gummel &

Newton maps)
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where s is the static dielectric constant of the related layer.

2.3. Multi-band model

The valence band structure is more complex than the conduction
band and so a solution using single effective masses for each valence
sub-band is not sufficient. For valence band calculations, a 3x3
Hamiltonian is employed for (001)-oriented zinc blende (ZB) and
(0001)-oriented wurtzite (WZ) crystals by using k.p theory. Besides, the
model considers spontaneous-piezoelectric built-in field dependence
and strain effects [18]. Normally, with magnetic field interactions, 6x6
Hamiltonian solutions are necessary. However, because Aestimo 1D
does not include magnetic interactions, 3x3 solutions are satisfactory.

The energy bands Ec, Ev and wave functions n and m of conduc-
tion and valence bands states respectively, are obtained from a nu-
merical solution of the Schrödinger equations for electrons with the
electron wave function is given by

= +e z S| ( )|n
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n
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where = or and S is a spherically symmetric wavefunction and
n is the envelope function that satisfies
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and for holes with the hole wave function is given by
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where the potential z z( )( ( ))h c is the potential for the valence
(conduction) offset of the QW, Fz is the internal electric fields with e as
the elementary charge. The built-in electric field is written as [19,20],
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where P P( )SP PZ
w

SP PZ
b

/ / , L L( )w b and ( )w b are the spontaneous/piezo-
electric polarization, the length, and the static dielectric constant of
well (barrier), respectively.

There are several techniques used to solve the effective mass
equations for instance the finite difference method (FDM) [21], the
propagation matrix method [18], and the basis expansion method [22].
FDM is used here because of its simplicity and easy implementation,
especially for non-complex geometries.

Fig. 2. The working structure of Aestimo 1D.
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In the process of implementation, differentiation operators are dis-
cretized to transfer the original problem to finite sets of linear equa-
tions. The first-order derivative dΨ/dz at a point z = zi can be ap-
proximated as

= +

z z2i
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(10)

where Δz is the difference between adjacent grid points i and i + 1
corresponding to mesh point zi and zi+1. Using a three-point central
difference representation for the second-order derivatives, the central
difference is

=
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The resulted linear equations are solved using different numerical
techniques such as the direct method (LU) decomposition or the itera-
tive Newton method in the case of the Poisson equation and the Eigen
decomposition of a matrix for the Schrödinger equation.

3. Software description

Aestimo 1D is programmed in Python Version 3.x [23] and because
this is an interpreted computer language, there is no need for com-
piling. The source code is open-source, therefore the user can change it,
improve it, and even redistribute it. Aestimo uses some well-known
Python libraries like scipy [24], numpy [25], cython [26], and matplotlib
[27] to perform accurate and faster calculations and present graphs to
users.

The working scheme of the software is shown in Fig. 2. Before
running the software, the user must edit config.py for some general
numerical settings and to point the input file. The input file includes the
structure and related settings of the structure. In addition to config.py
and the related input file, the database.py file is also important for the
calculation. All material parameters for semiconductor materials Si, Ge,
GaAs, AlAs, InAs, InP, GaP, AlP, GaN, InN, AlN, CdO, MgO, ZnO, Al-
GaAs, InGaAs, InAsP, GaAsP, InGaP, AlInP, AlGaN, InGaN, AlInN,
MgZnO, CdZnO, InGaAsP, AlGaInN are provided with the distribution
[18,28–32].

There are several runnable scripts in the distribution (i.e. aestimo.py
for conduction band only calculations, aestimo_eh.py for conduction,
and valence band calculations.). Once executed, the software firstly
looks at config.py for the settings. The settings, the input file, and all
necessary material parameters from database.py are loaded. Then, the
software loads the necessary Python modules for calculation and per-
forms the calculation. After calculation, all results and logs (with pos-
sible warnings and errors) are saved in the output folder, and the results
are also drawn on the screen.

4. Applications

To test the validity of Aestimo 1D’s physical model and computation
scheme, comparison simulations with other software have been per-
formed (see Appendix for Layer Materials and Parameters used in these
examples). The examples presented are intended to demonstrate the
accuracy of the multiband k.p model. The second and third examples
also test the implementation of strain and spontaneous-piezoelectric
built-in field effects.

The first example is shown in Fig. 3, it compares the results of a
GaAs quantum well calculated with the nextnano3 software [33]. Si-
milar inputs were given to Aestimo’s multiband model including ion
implantation using Lindhard, Scharff, and Schiøtt (LSS) theory [34], but
a calibration adjustment to the fixed doping values needed to be made
to account for the incomplete ionization model implemented in next-
nano3.

The produced results are in fair agreement with nextnano3 results;

Fig. 3 presents the self-consistent solution of Schrödinger-Poisson
equations for the two simulators. The electron states energies presented
in Table 2 for Aestimo 1D, nextnano3, and also the program written by
Greg Snider [35] shows that there are some differences due to strain
energy shifts between the programs’ outputs but that there are con-
sistent inter-subband energy gaps.

A second example shown in Fig. 4 is a simulation about the influ-
ence of surface states on the two-dimensional electron gas in an AlGaN/
GaN heterojunction field-effect transistors published by B. Jogai [36].
Aestimo 1D’s multiband calculations are in agreement with nextnano3

simulation [33] and Jogai’s work [36]. This simulation confirms the
accuracy of the strain and the spontaneous-piezoelectric built-in field
models used in Aestimo 1D.

In Fig. 5, a double QW InGaN/GaN structure has been simulated
using Aestimo 1D’s multiband model versus software called 1D-DDCC
[37], this example demonstrates the ability of Aestimo 1D to work with

Fig. 3. Conduction and valence band edges for a GaAs QW. The x-axis shows
the depth from the surface of the investigated structure.

Table 2
Comparison of electron state energies in the example GaAs QW’s conduction
band.

Electron states Aestimo 1D nextnano3 [33] Greg Snider's code [35]

E1 (meV) −0.1 −3.0 −1.3
E2 (meV) 43.6 43.5 44.0
E3 (meV) 117.1 117.5 117.8

Fig. 4. Conduction and valence band edges for an AlGaN/GaN heterojunction.
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multi-quantum well (MWQ) structures taking in consideration strain-
induced pyroelectric and piezoelectric built-in fields. The results are
quite similar to matching inputs except for a minor adjustment to the
fixed doping values as in the previous case.

Being an open-source code gives users the ability to introduce any
form of customization through new theoretical models and numerical
schemes, which is rare in commercial software and limited in cases. As
a calculator, Aestimo 1D uses some methods and settings which can
result in a difference concerning other calculators. In multi-quantum
calculation, Aestimo 1D automatically takes the anti-crossing distance
into consideration with a user-defined setting. Aestimo 1D uses the
extrapolated-convergence-factor method (Stern damping) instead of the
fixed-convergence-factor method, which reduces the convergence steps
significantly. It also can calculate each quantum well’s variables

separately or combined.

5. Conclusion

In this study, we report on an open-source general-purpose self-
consistent 1D Schrödinger-Poisson equation solver, which can be used
to study the electronic and some optical properties of semiconductor
heterostructures, called Aestimo 1D. We briefly mentioned some of the
main equations implemented in the Aestimo 1D and compare simula-
tions with other known simulators to demonstrate the validity of the
implemented models in the software.
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Appendix

Table A.1. Layer materials and parameters of Example 1.

Layer Structure Layer thickness (nm) Doping density (cm−3)

p-Al0.3Ga0.7As 250 0.8 × 1017

Al0.3Ga0.7As 50 0.0 (LSS doping)
GaAs 15 0.0 (LSS doping)
Al0.3Ga0.7As 5 0.0 (LSS doping)
Al0.3Ga0.7As 20 0.0 (LSS doping)
n-GaAs 15 0.8 × 1017

Table A.2. Layer materials and parameters of Example 2.

Layer Structure Layer thickness (nm) Doping density (cm−3)

i-GaN 14 0.0
i-Al0.3Ga0.7N 30 0.0
i-GaN 40 0.0

Table A.3. Layer materials and parameters of Example 3.

Layer Structure Layer thickness (nm) Doping density (cm−3)

p-GaN 200 1.8 × 1019

n-In0.2Ga0.8N 3 0.2 × 1017

n-GaN 15 0.2 × 1017

n-In0.2Ga0.8N 3 0.2 × 1017

n-GaN 300 2.0 × 1018

Fig. 5. Conduction and valence band edges for a double QW InGaN/GaN.
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Data availability

The raw data required to reproduce these findings are included in the software which can be downloaded from [https://github.com/
aestimosolver/aestimo/releases/download/v2.0/aestimo-v.2.0-master.zip].

Appendix A. Supplementary data

Supplementary data to this article can be found online at https://doi.org/10.1016/j.commatsci.2020.110015.
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